T. R. WELBERRY AND C. E. CARROLL

WELBERRY, T. R. (1977). Proc. R. Soc. London Ser. A, 353,
363-376.

WELBERRY, T. R. (1982). Acta Cryst. B38, 1921-1927.

WELBERRY, T. R. & CARRoOLL, C. E. (1982). Acta Cryst. A38,
761-772.

WELBERRY, T. R., JoNEs, R. D. G. & EPSTEIN, J. (1982). Acta
Cryst. B38, 1518-1525.

Acta Cryst. (1983). A39, 245-251

245

WELBERRY, T. R., MILLER, G. H. & CARROLL, C. E. (1980). Acta
Cryst. A36,921-929.

WELBERRY, T. R., MILLER, G. H. & PICKARD, D. K. (1979). Proc.
R. Soc. London Ser. A, 367, 175-192.

WILSON, A. J. C. (1962). X-ray Optics, 2nd ed. London: Methuen.

Zi, D. G. & CartsoN, B. C. (1970). Math. Comput. 24,
199-214.

Tensor Properties and Rotational Symmetry of Crystals.
III. Use of Symmetrized Components in Group 3(3,)* T

By F. G. Fumi AND C. RIPAMONTI
Istituto di Scienze Fisiche, Universitd di Genova, Italy and GNSM-CNR, Unitd di Genova, Italy

(Received 18 February 1981; accepted 20 October 1982)

Abstract

‘Symmetrized’ components are introduced in place of
the standard ones to improve the method presented in
paper I [Fumi & Ripamonti (1980). Acta Cryst. A36,
535-551]. These components, which are simply related
to the standard ones, allow a further reduction of the
computational task and also a further simplification of
the results and of their use. This is illustrated by
application to general two-dimensional tensors of ranks
6 and 8 and by particularization of the results to the
cases of the third- and fourth-order elastic tensors.

Introduction

In this paper we introduce symmetrizations in tensor
space with respect to the standard reference directions
x and y, perpendicular to the principal symmetry axis
along the z direction, to improve the method presented
in paper I (Fumi & Ripamonti, 1980a). From I such
symmetrizations allow a further splitting of a tensor
invariant in group 3(3,) into independent subtensors:
this splitting is additional to the standard ones (see I,
§ 3b) already exploited by the method and concerns
only subtensors of even rank in x and y.

* Supported in part by a NATO Research Grant. Part of the
‘Tesi di Perfezionamento in Fisica’ to be submitted by C. Ripamonti
to the University of Genoa.

+ We refer the reader to Paper I (Fumi & Ripamonti, 1980a) for
the details of the method and for the pertinent notations.
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1. Symmetrized components

(a) Definition and splitting

For subtensors of even rank in x and y, we introduce
symmetrizations with respect to x,y exchange by
defining ‘symmetrized components’ as follows:

ct=c+¢ ¢))
and
cc=c—¢ 2

for every pair of standard components ¢ and ¢ related
by an x,y exchange. From the identity — except for sign
— of the coefficients of ¢ and ¢ in the tensor invariants
for group 3(3,) in Hermann’s base [see I, § 3¢ and
Appendix (iii)], it follows that the ¢*’s and ¢~’s have
non-zero coefficients only in disjoint sets of invariants
as follows:

c*’s of even rank in x
and in y (even parity
in x and in y),

Re-type invariants of 3)
the n, =n_mod 4
subtype

¢~’s of even rank in x
and in p,

Re-type invariants of 4)
the n, #n_mod 4

subtype
c¢*’s of odd rank in x Im-type invariants of (5)
and in y (odd parity the n, # n_mod 4
in x and in y), subtype
¢’s of odd rank in x Im-type invariants of 6)
and in y, the n, =n_mod 4
subtype.
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In terms of the numerical vector representation of the
components, provided by their coefficients in a com-
plete set of invariants, this means that the ¢*’s and ¢~’s
belong to independent subtensors.

By symmetrization with respect to x,y exchange, we
have thus split each subtensor of even rank in x and y
with given parity in these indices into two ‘sym-
metrized’ subtensors identified — according to their
parity and +,— symmetrization — by the sets of
invariants given in (3) to (6).

(b) Advantages

Owing to this additional splitting, the symmetrized
components further simplify the application of the
method given in I and the form of the ensuing results
for general tensors.

This splitting greatly reduces the computational task
involved in the method by reducing the dimensions of
the numerical vector representations used to obtain the
resolvent vector equations. Thus at rank 6 one needs to
solve only four equations, two of which are coupled,
instead of nine equations, of which a set of four, a set of
three and a set of two are coupled; and at rank 8 one
needs to solve only nine equations, of which two sets of
three and one set of two are coupled, instead of 21
equations, of which a set of seven, a set of six, a set of
five and a set of three are coupled. One should
emphasize that the labour time of solution of these
systems of coupled equations increases with the cube of
the number of equations.

Reduced dimensions of the vector representations
imply also a formal simplification of the results,
because of the corresponding reductions in the number
of terms in the final expressions.

(c) Uses

Owing to their simple connection to standard
components, symmetrized components can be used
almost as standard ones, both in the procedural
application of the method given in I and in the practical
application of the results.

For a given symmetrized subtensor, a symmetrized
component c¢* is equivalent to the standard component
c used to denote it. This is so because of their identical
representation in terms of their coefficients in the
appropriate set of invariants specified in (3) to (6).
Thus, since the method given in I applies separately to
each symmetrized subtensor, by using ¢ in place of ¢,
one can still use the pragmatic rules given in I. The only
exception is the rule (see I, § 3g, second part) used to
halve the number of applications of the method by
exploiting a correspondence between subtensors of
even and odd parity in x and in y, since this rule
involves two symmetrized subtensors. Here the actual
two-term nature of a symmetrized component implies
an additional exchange of +,— symmetrization, owing
to the term ending in y.
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Symmetrized components are almost as suitable for
practical uses as standard components: owing to their
simple relationships, they can easily be transformed to
standard ones, or they may even be used directly. This
is not the case for other non-standard components (see
e.g. Hermann, 1934; Jahn, 1937; Sirotin, 1961), which
are defined through generally complex multiterm
combinations, depending on the rank, and thus require
in practical use laborious retransformation to the
standard ones.

2. Methodological summary

In view of the application in § 3, we summarize the
main features of the method given in 1, with special
reference to symmetrized components.*

We recall that the method applies separately to each
symmetrized subtensor, and exploits the existence of
sets of permutationally connected components (see I,
§§ 3d and 3g, first part) to which we now refer as
(permutational) equivalence classes of components.
The steps are as follows:

(I) Identification of the equivalence classes of
independent components — by correspondence with the
equivalence classes of tensor invariants.

(II) For each equivalence class of dependent com-
ponents, expansion of an arbitrary component into
symmetrized combinations of independent ones. After
identification of the pertinent symmetrized com-
binations, this step is accomplished by determination of
the expansion coefficients: to this end, one uses a
numerical representation of the components in the
expansion, which transforms the formal expansion
into a numerical vector equation, providing a set of
equations for the expansion coefficients.

The pertinent instructions are the following:

(i) The tensor invariants in step I are the invariants
in Hermann’s base given by

n, =n_mod 3

Q)

(see I, § 3¢, equation 2) and by the selection rule for the
pertinent symmetrized subtensor [(3) to (6)];

(i) The correspondence in step I is the index
correspondence given by

+ <> X, ~<—>"'

(8)

over all indices but the last (left free to fix the pertinent
parity);

(iiiy Symmetrized combinations in step II are ob-
tained by summing over each subset of independent
components which are related through a symmetry
permutation of the component to be expanded;

* The reader will notice some differences in the rules given here
and in I. The rules given here are convenient for ¢* components,
while the rules given in 1 are convenient for the standard
components.
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(iv) Numerical representation in step II is the
contravariant correspondence (see I, § 3¢) given by:

okl 9

where ¢, is a component in the expansion, K, is the
coefficient of ¢, in the invariant iB’ iﬁ is an invariant in
(i) corresponding by (ii) to any (independent) com-
ponent in a symmetrized combination in (iii), # is the
number of pertinent symmetrized combinations, and
k.5 1s given by

Cr<rlkgps oeskops -

gg = (O (=1, (10)

where n, is the number of y indices in c,, n, is the
number of y <> — index correspondences between ¢,
and i;.

We recall that expansions of dependent components
in the same equivalence class follow from the expansion
in step (II) by pertinent permutations (see I, § 3g, first
part). We also recall that the actual application of the
method is limited to the subtensors of even parity,
owing to the correspondence between symmetrized
subtensors of different parity:

(¢' x)f<=(c' )i

(' Nt —(c' x)F

(1n

where the parity (e,0) and the symmetrization (+,—) are
explicitly shown, and ¢’ stands for all indices but the
last.

To exploit the correspondence (11) we sys-
tematically limit permutational equivalence to all
indices but the last. [Owing to (11) permutational
equivalence cannot extend over all indices in both the
corresponding symmetrized subtensors.]

3. Application to general tensors of ranks 6 and 8 in
two dimensions

We illusirate the effectiveness of symmetrized com-
ponents in simplifying both the computational task and
the form of the results, by working out the general
tensors of ranks 6 and 8 in x and y (see I, § 34). We
give a detailed application only for the ¢* and ¢~
subtensors of even parity of rank 6, as this example is
sufficiently general to illustrate the main procedural
points. For the symmetrized subtensors of rank 8 we
give only the essential steps schematically.

(A) Tensor of rank 6 in x,y

This tensor consists of 26 = 64 components which
we split into the four symmetrized subtensors and
group into the permutational equivalence classes as
follows:

even parity c*: xxxxxx*; (xxxxy) y*, 5; (xxxyy) x*, K0

(12)
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even parity ¢7: xxxxxx~; (xxxxy)y~, 5; (xxxpy) x~, 10

(13)
odd parity ¢t : xxxxxyt; (xxxxy) x*, 5; (xxxyy)y*, 10
(14)
odd parity ¢ : xxxxxy~; (xxxxy)x~, 5; (xxxyy)y~, 10.
(15)

Owing to the correspondence (11) we apply the method
only to the even-parity subtensors.

Even-parity c* subtensor

(I) Identification of the equivalence classes of
independent components.
By (7) and (3) the invariants are:

Re(+++——)—, 10 (16)

and by the index correspondence (8) the independent
components are:

(xxxyy)xt, 10 17

where the last index is fixed according to parity.

(I1) Expansion of one dependent component of each
equivalence class into symmetrized combinations of
independent ones.

(a) xxxxxx*. By (iii) there is only one symmetrized
combination of independent components because all
the permutations are symmetry permutations of
Xxxxxx*:

10
Xxxyyxt*

(18)
and the formal expansion is therefore
10
xxxxxxt = cxxxyyx* (19)
By (iv), the numerical representation is
10
xxxxxxt <11, xxxpypx+<[6 — 4] = [2], (20)

been computed through (10) from the invariant
Re + + + ———, corresponding by (8) to the indepen-
dent component xxxyyx*. By (20) the formal expan-
sion (19) transforms into the numerical equation for c:

(1] =cl2] (21

yielding ¢ =4, or

10

(22)

* Short bars over indices denote symmetrization on these indices,
i.e. summation over their distinct permutations: the number above
the component is the number of terms in the sum (see I, p. 543,
footnote II).



248

(b) xxxxyy*. By (iii) there are two symmetrized
combinations since only the permutations of the first
four indices are symmetry permutations of xxxxyy+:

4 6
xxxyyxt and xxyyxx*t 23)
and the formal expansion is thus
4 6
xxxxyyt = ¢, xxxyyxt + ¢, xxypxx*. (24)
By (v) - with reference to the invariants

Re + ++——— and Re + + — +— and using (10) — we
find the following numerical representation of the terms
in (24):

xxxxyyt<[—1, 1]

.
xxxpyxt<=[3—1,2—-2]=12,0] (25)

6
xxypyxxt<>[3 — 3,4 — 2] =10, 2],

where we have summed the numerical vectors of all the
components in each symmetrized combination. By (25)

the formal expansion (24) transforms into the
numerical vector equation
-1 2 0
R
yieldingc, = —4,¢,=4, or
XXyt = —yEEGpxt + 4R, (27)

Even-parity ¢~ subtensor

(I) According to (7) and (4) there is only the
invariant Re +++++ + and by (8) we take xxxxxx~
as independent component.

(II) Since there is only one independent component,
obviously there are no symmetrized combinations to be
constructed. Furthermore, owing to the (unusual)
permutational symmetry of this component on all
indices, it is sufficient to work out the expansion of one
dependent component of the equivalence class
(xxxxy)y~, e.g. xxxxyy~, since the expansion of any
dependent component of the equivalence class
(xxxyy)x~—, e.g. xxxyyx—, follows by the pertinent
permutation.

By (iii) the formal expansion of xxxxyy~ reads
simply

XXXXPY™ = € XXXXXX ™. (28)

By (iv) the numerical representation with respect to
Re++++++is

xxxxyy~<[—11, xxxxxx~<[1].
By (29), (28) becomes
[—1]=c[1]

(29)

(30)
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yielding ¢ = —1, or

XXXXYY~ = —XXXXXX. @31
By permutation

XXXYPX~ = —XXXXXX . 32)

The work is now completed and we can write down
at once — using (22), (27), (31) and (32) — all the
expressions of the general tensor of rank 6 as follows:

FEven parity in x and in y
10
xxxxxxt = 3xxxpyx+, 1 (33a)
4 6
(exxxy) yt = —4(xxxyy) x* + §Coppx) x4, 5 (34a)
(xxxxy) y~ = —xxxxX%7, 5 (35a)
(xxxyy) x— = —xxxxxx~, 10. (36a)
Odd parity in x and in y
__10
xxxxxy~ =4xxxyyy-, 1 (33b)
_4l _.6_

(exxxy) x~ = $(xxxpy) y= — $(xxppx) y=, 5 (34b)
(xxxxy) x*t = xxxxx9%, 5 (35b)
(exxyy) yt = —xxxxxy*, 10. (36b)

In writing these results, we have used the corre-
spondence (11) to obtain the odd-parity expressions,
and the relation among the expressions of dependent
components in the same equivalence class.

(B) Tensor of rank 8 in x,y
The tensor consists of 2% = 256 components:

even parity ct: xxxxxxxx*; yyyyyx) xt, 7;
Oyyyyxx)y*, 21; Qyyyxxx) x*, 35 (37)

even parity ¢ xxxxxxxx~; (yyyyyyx) x~, 7;
Oyyyyxx)y=, 21; (yyyxxx) x~, 35 (38)

odd parity ¢* : xxxxxxxyt; Qyyyyyx)yt, 7;
Oyyyyxx)x*, 21; yyyxxx) y*, 35 (39)

odd parity ¢~ : xxxxxxxy~; yyyyyx)y=, 7;

Oyyyyxx) x—, 21; (yyyyxxx) y—, 35.(40)
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The method is applied only to the two even-parity  (II)
symmetrized sub-tensors and the correspondence (11) (@) ywyeer = e, xxxecxn= + ¢
is used to obtain the results for the odd-parity ones.

| |
! 1 -2 -5 Re + + + + + + + =
Even parity c* subtensor I}l]:c'[l] e [ 0] . c’[ SJ (ﬁom Remmmm=- ’ ~)'
1 1 2 3 Re————+——~
| | | l

(I) Invariants Re(————+++) +, 35.

2
L YYYYYPRXT + €y JyyyRyy X"

2 )

Independent components (yyyyxxx)x*, 35.

3 4

(b) VVVYXXXX™ = €y XXXXXXXX™ + Cy PYYYPPXX™ + €3 JYyXyyyx=

I } | | l
35 ! 1 -3 —4 Re++++++ +—
(a) xxxxxxxx*t = cyyypxxxx+ [ 1] =c, [1] ‘e, [ 1} + e [4} (rrom Re—————— + -),
! ! -1 I 3 2 Re—— -+ ————
| | | |
[1] = cl3] (from Re ————+ + + +). . ‘
yypyrxasT = e — xS pyyaypyxc
l l
- The complete expressions for the general tensor of rank
XXXXXXXXT = 3YVYYXXXX 8 are as follows:
(b) syt = ¢, i + ,pipEiipe Even parity in x and in y
} | 35
[—1] B [—l] [4] (fmm Re————+++ +) xxxxxxxxt =3ppyyxxxxt, 1 (41a)
[ ' 3 20 e———+++—+ s 20
. Wyyyyyx) x* = 3(ypyxx) xt — gGyyXxxy) x*, 7
yyyyyyExt = yypixxt — i pyyriiyxt (42a)
5 10
(©) sy = e, G5t + ¢, Byt Opyyye)y* = 4GFHE0) x* + 4GEETY) x*
20
Sk —0ppxxxy) x*, 21 (43a)

We use the (unusual) permutational equivalence of the yyyyxx)y~ = xxxxxxxx™ + %(yyyyy)z}j) x—

independent components over all six indices, and do not 5
use the numerical representation: —+(yyyxyy) x—, 21 (44a)
+ — + 3
YYVYYXXy* = Pog yyyyyyxx Oyyyxxx) x~ = $xxxxxxxx™ — 3yyyyyx) x~
R I ... 4
= J)yyyxxxx* — § yyyxxxyx* + Lppxyyy) x-, 35. (45a)
5 10
=dyppyxxxxt + dxxxyyyyx+ Odd parity in x and in y
20 35

—3yyyxXxXxyx+, XXXXXXXY~ = 3Pyyyxxxy=, 1 41b)

where P, stands for the exchange permutation of the . I L I
sixth and eighth indices. P Oyyyyx)y~ = 30pyyxxx) y~ — sOyxxxy) y=, 1(42b)

.3 I 1}
Oyyyyxx)x= = —4Qyyyxxx) y~ — Y (xXxyyyy) y~
Even-parity ¢~ subtensor _..20
+ §Oyyxxxy)y-, 21 (43b)
(I) Invariants Re(—————— +)—,7; 2
Re + ++++++—. Owyyyxx) xt = =3 xxxxxxxyt —30yyyyyx) y*
5
Independent components (yyyyyyx)x-, 7; + Ygpppxyy) yt, 21 .‘ (44b)
XXXXXXXX .

3
Oyyyxxx)y* = pxxxxxxxyt —3yyyyyx) y*
*Short bars under indices denote symmetrization on these A
indices (see I, p. 543, upper footnote ¥). + $Oyyxyyy) yt, 35. (45b)
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The final equations (41a) to (45b) are much simpler
than the corresponding equations reported in I, Table 2,
p. 549. One still has five equations for even parity in x
and in y, and five for odd parity, but the number of
terms on the right-hand side now ranges from 1 to 3
rather than from 3 to 7 as before.

4. Particularization to third- and fourth-order elastic
tensors in two dimensions

We illustrate the effectiveness of the symmetrized
components in particularizing the results for general
tensors to physical tensors having additional sym-
metry with respect to index permutations, by working
out the third- and fourth-order elastic tensors in two
dimensions.

The process of particularization simply consists in
replacing by a single component each of the com-
ponents which are related through a symmetry index
permutation of the physical tensor.

For the elastic tensors we adopt the conventional
notation:

xx=1l,yy=2,xy=6.

(A) Third-order elastic tensor in x,y

This is a physical tensor of rank 6 having additional
symmetry with respect to index permutations in the
first, second and third pairs of indices, and with respect
to permutations of these pairs among themselves.

By particularization of (12) to (15), we obtain the
following 12 symmetrized components:

even parity ¢*: cfyy, cfizs Ches (46)
even parity ¢™: ¢7;;» CTiz» Cies 47
odd parity c* : cty6, Ches Clss (48)
odd parity ¢~ : ¢76» Clzes Coos- (49)

By particularization of the general expressions (33a) to
(36b) we obtain the following results:

Even parity c*
From (33a)

¢ty = 32¢t, + 8cies] = cfyy + dcie.
From (34a)
¢ty = —HActss) + 3(2ct, + defee) = cfin

— _1(o+ + 1(p+ + ) — ot
clos = —3(ct + 3ctee) + 3(ctin + Scise) = Clss:

TENSOR PROPERTIES AND ROTATIONAL SYMMETRY
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Even parity ¢
From (35a)

12 =—Cin-
From (36a)

C166 = —Cin1-
odd parity ct
From (35b)

Ciis = Ciie-
From (3654)

Che = —Ciie

Cés6 = —Ciie:
0dd parity ¢~

Ch26 = Coe6 = 0
by index permutation symmetry.
Then from (334) (or from 34b)

chie=0.
We have thus the following relations:

+ ot +
Cii =l + dctis

€112 = Cie6 = —Cin1 (50)

+ ot
€126 = Co66 = —Cl16

Cli6 = Ci26 = Cge6 = 0

(B) Fourth-order elastic tensor in x,y

This is a physical tensor of rank 8 having additional
symmetry with respect to index permutations in the
first, second, third and fourth pairs of indices, and with
respect to permutations of these pairs among
themselves.

From (37) to (40) it has 20 components:

sy e ot + + + + +
even parity c*: ¢fy1, Ciazs Chazas Classs Chasss Cosss (S 1)

even parity ¢™: €7y11> Ciy22s Ci222> Crzes C22660 Cosss (O2)

; . + +
odd parity c* : €116, 32265 CT226> C3666 (53)
odd parity ¢ : €716 C22265 C1226> C2666- (54)

From the general expressions (41a) to (45b) one
obtains the following results:
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Even parity c*

From (41a)
i = 3(3ctins + 24cti66 + Bckess)-
From (42a)

iz = 3Bctiny + 12¢ty66) —3(12¢1566 + 8isss)

Cha22 = Chiza + 2¢Ta66 — 1CEs66-

From (42a)

Chass = (€122 + 10,66 + 4Cs66)

—$Q2ctip + 1dctyes + 4Ciess)

Ches = Chass + FCsss-
Equation (43a) gives the same expressions for c},,, and
3266+

Even parity ¢~

CT122 = Cha66 = Coee6 = O

by index permutation symmetry.
From (44a)

Ciana = 3¢t + $(2¢3266) —3(CTa22 + 4C2266)
Ciana = ¥

From (44a)

o266 = ¢ + $(Cha22 + €7266) — $(5C2266)
Coaes = 311 + $C222 = €101

Equation (45a) can only give expressions for ¢7,,,
Chas6» Casee Which we know to be zero.

Odd parity c*
+ ot
C2226 = Cln16°

From (44b)

— 2,+ 2 + 1 +
Chas = —3Ctiie — 3(2¢8y6) + $(5¢356)

+ 1.t

Ci226 = —3Cin16°
From (44b)

— 2 2 1 +
Cle66 = —3CT116 — $(2C226) + 3(5¢326

— 1
Cie66 = —3CT116-

Equation (45b) gives the same expressions for c},,, and
Ce66:

Odd parity ¢~

€2226 = —Ch116-
From (41b)
Ciite = 3(15¢T326 + 20¢3666)-
From (42b)

- 1 — — 1 — —
Coa26 = $(3CTaz6 + 12¢3666) —4(12¢T326 + 8C2666)

- _ — 8
C2226 = —C1226 + 3C2666-
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Thus

€326 = —C116 = 0,
and

Cl226 = €666 = 0.

Equation (43b) can only give relations between cq;56
and ¢3¢ Which we know to be zero.
We have thus the following relations:

+ ot + 8.+
€ = Clia + 8cihes + 10566
+ ot + 4.4
Char = Clian + 26166 — 3C8s66

+ o at 2.+
€2266 = C1266 T 3Ce666
CT122= Ch266 = Cos66 = 0

N N ~ (55)
CTa22 = C2266 = ¥CTin1
+ ot
€2226 = C1116

+ ot _lat
C1226 = C2666 — —3C1116

Cli16 = C2226 = Ciaz6 = Ca66 = O-

The usual relations among the standard components of
the elastic tensors considered follow from (50) and (55)
by using (1) and (2). In particular, one rederives the
relations for the third-order elastic tensor first given by
Fumi (1952), and those for the fourth-order elastic
tensor reported by Brendel (1979) and by Markenscoff
(1979),*t as well as those reported by Chung & Li
(1974),T who treated a non-tensorial array for fourth-
order elasticity.

* Both Brendel (1979) (who treated the tensor in all the
crystallographic groups and the isotropic body) and Markenscoff
(1979) (who treated the tensor in all trigonal and hexagonal groups)
recurred systematically to an electronic computer. For the ease of
treatment of general or physical tensors in groups different from
3(3.) see, however, Fumi & Ripamonti (198054).

+ The scheme by Markenscoff (1979) for group 3(3,) unfor-
tunately contains a misprint in the expression of ¢,,s: this should
read ¢,,56 = 2(¢,,14 + 3¢1124)- The errors in the results of Chung &
Li (1974) for group 3(3,) have already been listed in I, footnote to
§ 5. Brendel (1979) states that Krishnamurty’s (1963) invariance
equations for the isotropic body are in error: in fact, they are
correct for the non-tensorial array for which they were written, the
same as studied by Chung & Li (1974) (see 1I, Appendix C).
Brendel also quotes Gagnepain & Besson (1975) without mention-
ing that their results for groups 32, 3m, 3m are grossly in error, as
they give a wrong number of independent components (23 instead
of 28).
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